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Abstract
Electronic transport through a quantum wire sandwiched between two metallic electrodes and coupled to
a quantum ring, threaded by a magnetic flux φ, is studied. An analytic approach for the electron transport
through the bridge system is presented based on the tight-binding model. The transport properties are
discussed in three aspects: (a) presence of an external magnetic filed, (b) strength of the wire to electrode
coupling, and (c) presence of in-plane electric field.
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1 Introduction
With the advancement in nanoscience and nan-
otechnology, the fabrication of sub-micron devices
has become possible and has allowed one to study
the electron transport through quantum systems in
a very controllable way. These quantum systems
have attracted much more attention since they con-
stitute promising building blocks for future gener-
ation of electronic devices and directed attention
on the study of discrete structures, such as a sin-
gle molecule, arrays of molecules, quantum dots,
quantum wires and mesoscopic rings. The elec-
tron transport through a bridge system was first
studied theoretically in 1974 [1]. Later, several nu-
merous experiments [2, 3, 4, 5, 6] have been per-
formed through quantum systems placed between
two metallic electrodes with few nanometer sepa-
ration. The operation of such two-terminal devices
is due to an applied bias. Current passing across
the junction is strongly nonlinear function of ap-
plied bias voltage and its detailed description is a
very complex problem. Though lot of theoretical
as well as experimental papers have been available
in the literature, yet the complete knowledge of the
conduction mechanism in this scale is not well un-
derstood even today. The transport properties of
these systems are associated with some quantum
effects like, quantization of energy levels, quantum
interference of electron waves, etc. A quantitative
understanding of the physical mechanisms under-
lying the operation of nanoscale devices remains a
major challenge in the present nanoelectronics re-
search.
The aim of the present article is to reproduce an
analytic approach based on the tight-binding model
to investigate the electronic transport properties
through a quantum wire coupled to a mesoscopic
ring. There exist some ab initio methods for the
calculation of conductance [7, 8, 9, 10, 11, 12], yet
it is needed the simple parametric approaches [13,
14, 17, 15, 16, 18, 19, 20, 21, 22, 23] for this cal-
culation, especially for the case of larger molecular
bridge systems. The parametric study is motivated
by the fact that the ab initio theories are compu-
tationally too expensive and here we focus our at-
tention on the qualitative effects rather than the
quantitative ones. This is why we restrict our cal-
culations on the simple analytical formulation of the
transport problem.
We organize the paper as follow. Following the
introduction (Section 1), in Section 2, we present
the model system under consideration and give a
very brief description for the calculation of conduc-
tance and current-voltage characteristics through
the bridge system. Section 3 presents the results
of the system taken into account. Finally, we sum-
marize our results in Section 4.
2 The model and a brief de-
scription onto the theoreti-
cal formulation
We begin by referring to Fig. 1. The system con-
sidered here is a quantum wire coupled to a meso-
scopic ring with N atomic sites and the wire is
attached to two semi-infinite one-dimensional (1D)
metallic electrodes, namely, source and drain. The
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Figure 1: Schematic view of a quantum wire cou-
pled to a mescopic ring, threaded by a magnetic
flux φ, and the wire is attached to two 1D metallic
electrodes.
full system (quantum wire with ring) is described
by a single-band tight-binding Hamiltonian within
a non-interacting electron picture, and it can be
written in the form,
HC = HW +HR +HWR (1)
where, HW , HR andHWR correspond to the Hamil-
tonians for the wire, ring and wire-to-ring coupling,
respectively, and they can be expressed as,
HW =
∑
i
ǫid
†
idi +
∑
<ij>
tw
(
d†idj + d
†
jdi
)
(2)
HR =
∑
k
ǫkc
†
kck +
∑
<kl>
tr
(
c†kcle
iθ + c†l cke
−iθ
)
(3)
HWR = t0
(
c†1d0 + d
†
0c1
)
(4)
Here, ǫi’s (ǫk’s) are the on-site energies of the ring
(wire), d†i and c
†
k are the creation operators of an
electron at site i and k in the wire and ring. θ =
2
2πφ/N is the phase factor due to the flux φ threaded
by the ring. tw (tr) is the hopping integral between
two nearest-neighbor sites in the ring (wire) and t0
is the wire-to-ring tunneling coupling.
At much low temperatures and bias voltage, the
linear conductance of the wire-ring system can be
calculated by using one-channel Landauer conduc-
tance formula,
g =
2e2
h
T (5)
where T is the transmission probability of an elec-
tron from the source to drain through the wire in-
cluding the ring, and it is defined as [24],
T (E, V ) = Tr [(ΣrS − Σ
a
S)G
r (ΣaD − Σ
r
D)G
a] (6)
Now the Green’s function G of the full system (wire
with ring) is given by the relation,
G = [E −HC − ΣS − ΣD]
−1
(7)
where E is the energy of injecting electrons from the
source and H is the Hamiltonian of the full system
described above (Eq. 1). In Eq. 7, ΣS = h
†
SCgShSC
and ΣD = hDCgDh
†
DC , are the self-energy terms
due to the two electrodes. gS and gD correspond to
the Green’s functions for the source and drain, re-
spectively. hSC and hDC are the coupling matrices
and they are non-zero only for the adjacent points
of the quantum wire and the electrodes. The cou-
pling terms ΓS and ΓD for the full system can be
calculated through the expression [24],
Γ{S,D} = i
[
Σr{S,D} − Σ
a
{S,D}
]
(8)
where Σr{S,D} and Σ
a
{S,D} are the retarded and ad-
vanced self-energies respectively and they are con-
jugate to each other. Datta et al. [25] have shown
that the self-energies can be expressed like,
Σr{S,D} = Λ{S,D} − i∆{S,D} (9)
where Λ{S,D} are the real parts of the self-energies
which correspond to the shift of the energy eigenval-
ues of the full system (quantum wire with ring) and
the imaginary parts ∆{S,D} of the self-energies rep-
resent the broadening of the energy levels. Since
this broadening is much larger than the thermal
broadening, we restrict our all calculations only at
absolute zero temperature. By doing some simple
calculations, these real and imaginary parts of the
self-energies can be determined in terms of the cou-
pling strength (τ{S,D}) between the wire and two
electrodes, injecting electron energy (E) and hop-
ping strength (v) between nearest-neighbor sites in
the electrodes. Using Eq. 9, the coupling terms ΓS
and ΓD can be written in terms of the retarded self-
energy as,
Γ{S,D} = −2Im
[
Σr{S,D}
]
(10)
All the information regarding the wire to elec-
trode coupling are included into the two self en-
ergies stated above and is analyzed through the use
of Newns-Anderson chemisorption theory [13, 14].
The detailed description of this theory is obtained
in these two references.
Thus, by calculating the self-energies, the cou-
pling terms ΓS and ΓD can be easily obtained and
then the transmission probability T will be calcu-
lated from the expression given in Eq. 6.
The current passing through the bridge is de-
picted as a single-electron scattering process be-
tween the two reservoirs of charge carriers. The
current-voltage relation is evaluated from the fol-
lowing expression [24],
I(V ) =
e
πh¯
EF+eV/2∫
EF−eV/2
T (E, V ) dE (11)
where EF is the equilibrium Fermi energy. For the
sake of simplicity, here we assume that the entire
voltage is dropped across the wire-electrode inter-
faces and this assumption does not greatly affect
the qualitative aspects of the I-V characteristics.
Throughout the article we set EF to 0 and use the
units c = e = h = 1.
3 Results and discussion
Here we describe conductance-energy and current-
voltage characteristics through the quantum wire
coupled to a mesoscopic ring at absolute zero tem-
perature. Electron transport properties through the
system are strongly affected by the magnetic flux
φ, wire-to-electrode coupling strength and the in-
plane electric field. In the presence of in-plane elec-
tric filed and assuming it along the perpendicular
direction of the wire, the dependence of the site en-
ergies on the electric field E is written within the
tight-binding approximation as [15],
ǫi = (eEaN/2π) cos [2π(i− 1)/N ]
= (etr) (E
⋆N/2π) cos [2π(i − 1)/N ] (12)
where, a is lattice spacing in the mesoscopic ring
and E⋆ is the dimensionless electric field strength
3
defined by Ea/tr. For simplicity, here we assume
tw, tr and t0 are identical to each other in mag-
nitude and specify them by the symbol t. We in-
vestigate all the essential features of electron trans-
port for the two limiting cases. One is the weak-
coupling limit, defined as τ{S,D} << t and the
other one is the strong-coupling limit and defined
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Figure 2: Conductance g as a function of energy
E in the weak-coupling limit for the system with
ring size N = 10, where (a) in the absence of any
electric filed with φ = 0 (solid line) and 0.4 (dotted
line) and (b) in the presence of φ = 0.4 with E = 2
(solid line) and 4 (dotted line).
it as τ{S,D} ∼ t. The parameters τS and τD cor-
respond to the couplings of the wire to the source
and drain, respectively. The common set of values
of these parameters in the two limiting cases are as
follow: τS = τD = 0.5, t = 3 (weak-coupling) and
τS = τD = 2, t = 3 (strong-coupling).
In Fig. 2, we plot the conductance (g) as a func-
tion of the injecting electron energy (E) for the
bridge system in the limit of weak-coupling. Fig-
ure 2(a) corresponds to the spectrum in the ab-
sence of any electric filed where, the solid and dot-
ted curves are respectively for φ = 0 and 0.4. In
Fig. 2(b), the spectrum is shown for the non-zero
value of the electric field with φ = 0.4 where, the
solid and dotted curves represent the results for
the electric filed strengths E = 2 and 4, respec-
tively. Conductance vanishes almost for all ener-
gies except at resonances where it approaches to 2.
At these resonances, the transmission probability
T becomes unity, since g = 2T (from the Landauer
formula with e = h = 1). The resonant peaks in
the conductance spectrum coincide with eigenener-
gies of the system (wire including the ring), and
thus the spectrum manifests itself the energy levels
of the system. For zero electric field strength and
in the absence of magnetic flux φ, the conductance
exhibits a single resonant peak across E = 0 (see
solid curve of Fig. 2(a)), while, in the presence of
φ more resonant peaks appear in the spectrum (see
dotted curve of Fig. 2(a)). It reveals that for non-
zero value of φ more resonating states appear in the
system. This is due to the removal of all the degen-
eracies in the energy eigenstates for any non-zero
value of φ. In the presence of in-plane electric field,
these resonant peaks are shifted and the conduc-
tance spectrum becomes asymmetric with respect
to the energy E (see Fig. 2(b)).
For the strong wire-to-electrode coupling, reso-
nant peaks get substantial widths as presented in
Fig. 3 where, the solid and dotted curves correspond
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Figure 3: Conductance g as a function of energy
E in the strong-coupling limit for the system with
ring size N = 10, where (a) in the absence of any
electric filed with φ = 0 (solid line) and 0.4 (dotted
line) and (b) in the presence of φ = 0.4 with E = 2
(solid line) and 4 (dotted line).
to the identical meaning as earlier. The increment
of the resonant widths is due to the broadening
of the energy levels of the wire including the ring,
4
where the contribution comes from the imaginary
parts of the two self-energies [24].
The scenario of electron transfer through the
bridge becomes much more clearly visible by study-
ing the current I as a function of the applied bias
voltage V . The Current is computed from the in-
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Figure 4: Current I as a function of bias voltage V
in the limit of weak wire-to-electrode coupling for
the system with ring size N = 10 and φ = 0.4. The
solid and dotted lines correspond to the currents for
E = 0 and 3, respectively.
tegration procedure of the transmission function T
which shows the same variation, differ only in mag-
nitude by the factor 2, like as the conductance spec-
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Figure 5: Current I as a function of bias voltage V
in the limit of strong wire-to-electrode coupling for
the system with ring size N = 10 and φ = 0.4. The
solid and dotted curves correspond to the currents
for E = 0 and 3, respectively.
tra (Figs. 2 and 3). The current-voltage characteris-
tic in the weak-coupling limit for the bridge system
is shown in Fig. 4 where, the solid curve corresponds
to the current in the absence of any electric field
and the dotted curve denotes the same for E = 3.
Here we take φ = 0.4. The current shows staircase-
like behavior with sharp steps, which is associated
with the discrete nature of the resonant spectrum
(Fig. 2). The shape and width of the current steps
depend on the width of the resonant spectrum since
the hight of a step in I-V curve is directly propor-
tional to the area of the corresponding peak in the
conductance spectrum. On the other hand, the cur-
rent varies continuously with the applied bias volt-
age and achieves much bigger values in the strong-
coupling limit, as shown in Fig. 5 where, the solid
and dotted curves correspond to the same meaning
as earlier. From both Figs. 4 and 5 it is clearly
observed that the in-plane electric field suppresses
the current amplitude (see the dotted curves). This
feature may be utilized to control externally the am-
plitude of the current through the bridge system.
4 Concluding remarks
To summarize, we have introduced parametric ap-
proach based on the tight-binding model to inves-
tigate the electron transport properties at absolute
zero temperature through a quantum wire coupled
to a mesoscopic ring threaded by a magnetic flux φ.
A simple parametric approach is given to study elec-
tron transport properties through the system, and it
can be used to study the transport behavior in any
complicated molecular bridge system. Electronic
conduction through the quantum wire is strongly
influenced by the flux φ threaded by the ring and
the wire-to-electrode coupling strength. The effects
of in-plane electric field have also been studied in
this context and it has been predicted that the cur-
rent amplitude can be controlled externally through
the bridge system by means of this electric field.
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